Olimpiada de Matematica —etapa locala- Galati
24 februarie 2019
Clasa a X-a-Barem de evaluare

Pentru orice solutie corecta, chiar daca este diferita de cea din barem, se acorda

punctajul maxim corespunzator.
Nu se acorda fractiuni de punct, dar se pot acorda punctaje intermediare pentru
rezolvari partiale, in limitele punctajului indicat in barem.
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a) Conditii de existenta: X, y>0< X,y € (O,oo).
logz; x—log;y=1< Iog31=1:> Xx=3-Y,
y

X4QY =

37+37=301 _ g3y 13y _30
X=3-Yy

Notam 3Y =a, a>0
3% +3Y =30

(a-3)(a®+3a+10)=0=a=3

}:a3+a—30:0:>a3—27+a—3:0:>

3 =3=y=1x=3.

€ [—1;1]
b) Conditii de existenta 1-x*20 3 J3
a. = =
3x—4x3 >0 xe(—oo;——?’}u{O;—S}

{8} -

2 2
Ridicam ambii membri la puterea a doua = 1-x2=9x%2-24-x*+16-x° &
16-x°-24-x* +10-x*-1=0 <

16-x° -8-x*-16-x* +8-x* +2-x* ~1=0 <

8-x4-(2-x2 —1)—8-x2 -(2-x2 —1)+(2-x2—1):0<:>
(2~x2—1)~(8.x4—8-x2+1)=o:>

2

2-x2—1:o:>x=i7

X= ﬁ € {—1;—£}u{0; ﬁ} = X= \ﬁ solutie;

2 2

B

sau 8-x* —8-x%+1=0

2+.2

4

—8.a°-8-a+1=0=a=
Notim x° =a, ae 01
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1p

1p

1p




este solutie

>
%‘

N
o)

2
SE

——(Fals)

{I V2-2 J2+f}

2 2

Multimea solutiilor este

este solutie;

1p

Din a;,b; € (1,0),(V)i € {12} = log, b, >0; log,, b, >0
IogalJE:%-logal by,
logy, af =2-logy, &;

! + ! = ! + 1 =
\/1+ log,, Jb \/1+ log, al \/1+;'|09a1 by \/1+2-|ogbl a

A S
\/2+Iogalbl \/1+ 2

log,, by

2 N flogalbl \F+ /Ioga1 2 5

\/2+Ioga1bl \/2+Iogalbl \l’2+loga1 2

, 2,2
( conform inegalitatii mediilor: x;yg X ;y , (V)x,ye(o,oo)<:>

X4y N 1 S«ﬁ )

Jx +y? \/_ \j1+loga by \/1+Iogbla12

Analog, ! + ! <2 (2
\/1+ log,, /b, \/1+ logy, a5
Din () si (2) =

1 1 1
+ + +
\/1+ log,, \E \/1+ log,, E \/1+ logy, a2 \/1+ logy, a2

<2.\2
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Metoda 1.
Fie xq,

=[x,|=r;

Atunci, fie x; =r-(cost+i-sint), x, =r-(cosu+i-sinu), t,u €[0,2n);
Relatiile lui Viete sunt: x + X, =—p; X - X =0,

XX =—p=(X+%) = p?=r? ~[cost+cosu+i.(sint+sinu)}2 =p’=

t+u t—u t+u t—u 9
2.-C0S——-C0S——+2-i-Sin——-cos— | =p° =
2 2 2 2

t-u t+u t+u)?
r2.4.c0s> — 2| cos Y pisin Y| —p2
2 2 2

r2~4-coszt_7u~[cos(t sin(t+u)|=p* (1)

XXy =0 = r2~[cos(t+u)+i-sin(t+u)}:q )

2 J—
Din (1) si (2):>p—:4-coszt7ueR;
q

2
Dar COSt_Tue[—l,l], (V)t,u e[O,Zn):coszt_zue[O;l]:Z—4 costhue[O;4].

Metoda 2.

Fie X, X, € C soluiile ecuatiei, |x| =[x, =T;
q#0=>x#0;x, #0;

Relatiile lui Viete sunt: X +X, =—p; X%, =0;

2
2 (%+%) x4 % X%
q X1 X X+ Xo Xp X

Il =l y y=loy=";
el
Fie y=cost+i-sint, t [0, 2n);

p2

+2:

Fie y- 5. |y|

1.
y'

Atunci F:y+1+2:y+§/+2=2-cost+2=2-(1+cost)=2-2-0052%:4-0052%eR;
y

2t 1 p’ 2t o
Dar cos —e[O,l]:>—:4-cos —e[0,4].
2 q 2
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a) Tnlocuim x cu i-x Tn relagia f (x)- f (i-x) = x2 = f (i-x)-f (—x):—xz-

- 2
f(_><)-f(|.x)=x };f(i_x).(f(x)+f(_x))0;

f(i-x) f(-x)=-x?

Dar f (i-x) nu poate fi 0 pentru (V)xe C= f (x)+ f (-x)=0,(V)xeC.

b)

i.

Pentrux>0,y>0= f(x)=f(y)=f(x-y)=0= inegalitatea este verifica
Pentrux<0,y<0= f(x)=m-x, f(y)=m-y, f(x-y)=0;
x-f(y)+y-f(x)=x-m-y+y-m-x=2-m-x-y>0=f(x-y)
Pentrux<0,y>0= f (x)=m-x, f(y)=0, f(x-y)=m-x-y;
x-f(y)+y-f(x)=m-x-y="f(x-y)

Deci, inegalitatea din enunt este satisfacutd, (V)x,y e R.

i) 1. Pentruy=0= f (0)<x- f (0), (V)xeR= f(0)=0;

Pentruy=1= f (x)<x-f(1)+ f (x)=x-f(1)>0,(V)xeR= f (1)=0;
Asadar, f (0) = f (1)=0= f nu este injectiva.

2. Pentrux=y=-1= f(1)<-2f(-1)= f(-1)<0;

Pentrux >0,y =—1= f (—x)<x- f (-1)— f (x)= f (x)+ f (—x) < x- f (-1):
Pentru x <0, y=—-1, notam x=-t, t > 0 si folosim inegalitatea anterioara, deci
f(x)+f(-x)<0;

Asadar, f (x)+ f (-x)<0,(V)xeR.
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